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Influtter testing, it is often implicitly assumed that themost critical case at any givenMachnumberwill occur at sea

level conditions. This is a reasonable expectation, as the highest dynamic pressure at a fixed Mach number will be

encountered at sea level, where the air density is highest. In the present paper, a counterexample involving a generic

sweptwing representative of transport aircraft is presented inwhich transonic limit cycle flutter is predicted to occur

at altitude rather than at sea level. The calculations are based on a time-accurate Eulerian–Lagrangian finite element

scheme that fully accounts for both structural and aerodynamic nonlinearities arising from large deflections and

shock motion. Flutter onset is around Mach 0.84 and the limit cycle amplitudes grow until Mach 0.95 is reached, at

which point they start decreasing, vanishing abruptly aroundMach 0.97. The limit cycle flutter persists down to very

low air densities, corresponding to altitudes above 75,000 ft, and the maximum limit-cycle-oscillation flutter

amplitude does not occur at sea level, but at altitude. If sufficient structural damping is added, thewingwill beflutter-

free at lower altitudes but not at higher (cruise) altitudes. AtMach 0.95, the wing is stable below about 15,000 ft, even

in the absence of structural damping, but experiences strong limit cycle flutter at higher altitudes.

Nomenclature

A = aspect ratio
Cp = pressure coefficient [�p � p1�= 1

2
�1U

2
1]

c = airfoil or wing chord (2b)
E = Young’s modulus
Etot = total energy of wing (T �U)
G = shear modulus
k = reduced frequency (!b=U1)
M = Mach number
m = mass per unit span
p = pressure
T = kinetic energy
t = time
U = strain energy
U = mesh velocity vector with components Ui
U1 = freestream velocity at upstream infinity
u, v, w = plate or wing displacements in the x, y, z directions
u = fluid velocity vector with components ui
� = angle of attack
�x, �y = rotations of normals in the x–z and y–z planes
� = ratio of specific heats
� = sweep angle
� = taper ratio
� = density
� = nondimensional time (!1Tt=2�)
! = circular frequency
!1T = frequency of first torsion mode in vacuum

Subscripts

LE, TE = leading and trailing edges
1 = conditions at upstream infinity

I. Introduction

I N THE strictly subsonic region, in which the freestream Mach
numberM1 is less than the critical Mach numberMcr required to

produce locally sonic flow, slender wings are susceptible to bending-
torsion flutter. This aeroelastic instability is especially dangerous,
because energy is extracted from the airstream at a sufficient rate to
produce rapidly increasingflutter amplitudes. In the transonic region,
on the other hand, the presence of shocks on the wing surface
introduces strong aerodynamic nonlinearities and limit cycle flutter†

becomes the rule rather than the exception [1–3]. Structural
nonlinearities [4] can also result in LCO-type flutter at subsonic as
well as supersonic Mach numbers, but the nature of the transonic
flutter instability is usually very different.

Transonic limit cycle flutter can occur even in the absence of
structural nonlinearities, as the shock motion transitions from
Tijdeman type A (continuous) to type B (intermittent), which results
in a rapid decrease of the aerodynamic work done on the wing [5].
The resulting flutter mode typically has bending and torsion almost
perfectly in phase at each span location, and the 2-D streamwise
wing-section motion resembles a single-degree-of-freedom (SDOF)
torsion mode with an axis of rotation forward of the leading edge.
Intermittent trailing-edge separation has a similar effect and, inmany
cases, triggers transition to type B shock motion at an earlier stage
than would occur in a fully attached flow. But the existence of small-
amplitude LCOs, as observed in a number of wind-tunnel tests [6,7],
suggests that mechanisms other than flow separation or structural
nonlinearities can also cause LCO-type flutter.

The transonic limit cycle flutter observed during wind-tunnel tests
[8] at DLR, German Aerospace Center, in Göttingen of a high-
aspect-ratio sweptwing representative of a transport aircraft provides
an interesting challenge from a theoretical standpoint. First, because
the LCO-type flutter was encountered at an angle of attack and lift
coefficient close to typical cruise conditions, it cannot be classified as
stall flutter, nor is it evident from the experimental data that trailing-
edge separation played a role. Second, because the LCO was
observed on a clean wing, the effects of stores or wing-mounted
engines can also be ruled out.

In [9], we concluded that the aeroelastic mechanism responsible
for the LCO-type flutter of the Göttingen wing appears to be
fundamentally different from the mechanisms responsible for LCO
flutter of low-aspect-ratio wings typical of fighter aircraft. In the case
of the high-aspect-ratio swept wing, the structural washout effect
from aeroelastic deformations plays a fundamental role in throttling
the energyflow from the airstream to thewing, resulting in limit cycle
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flutter. The structural washout effect is illustrated in Fig. 1 and arises
from the fact that streamwise and chordwise segments undergo
different rotations about the unswept y axis. As the wing bends, the
washout reduces the angle of attack of streamwise chord sections,
unloading the outboard region of the wing, reducing the shock
strength, and shifting the part-chord shocks in the upstreamdirection.
The weaker and more forward shocks lead to an earlier transition (at
lower amplitudes) from type A to type B shockmotion, resulting in a
limit cycle flutter mode that persists over a relatively wide range of
dynamic pressures and air densities (altitudes). Based on calculations
on a generic transport wing (the G-wing), it was concluded that the
LCO-type transonic flutter observed on the Göttingen wing should
also be expected in the case of other swept wings of high aspect ratio
and similar flexibility.

The present paper addresses three surprising results obtained in the
previous study [9] that remain to be explained. First, it was found that
a nonlinear structural model was needed to capture the observed
LCO behavior of these wings. When a linear structural model was
used, the critical dynamic pressure at LCO onset was overestimated
by a factor of nearly 3, and the predicted flutter mode was at a
frequency much higher than was observed in the wind tunnel.
Second, it was found that transonic LCO-type flutter persists down to
very low dynamic pressures if the flight Mach number is held
constant. Third, forwings of representativeflexibility, the aeroelastic
washout effect can lead to the counterintuitive result that increasing
the dynamic pressure may actually be stabilizing, causing a decrease
in the LCO amplitudes. In such a case, decreasing the dynamic
pressure may increase the LCO amplitude (see Fig. 2). This would
suggest that transonic flutter at high altitudes may become possible,

even if the wing is stable at lower flight altitudes. It is also of
relevance in wind-tunnel testing, in which bypass or blowout valves
are often used to rapidly drop the tunnel dynamic pressure (or
density) when flutter onset is encountered.

The paper has two primary objectives. The first objective is to
identify the mechanism responsible for the anomalous LCO flutter
behavior vs air density predicted for the G-wing and to examine
under what conditions high-altitude flutter might become possible
and at what Mach numbers. The second objective is to provide an
explanation for the large difference between the transonic stability
predictions of the linear structural model, as compared with the
nonlinear model: in particular, why the stiffer nonlinear model
predicts a less stable wing and significantly larger LCO amplitudes.

The results presented in this paper demonstrate that the LCO-type
flutter of the G-wing is a transonic phenomenon. No limit cycle
flutter was observed at subcritical Mach numbers, and the LCO
abruptly vanished at around Mach 0.97. At Mach 0.865, there are
indications that multiple (nested) LCOsmay be present, and the limit
cycle amplitude depends on the initial conditions. The results
indicate that the maximum LCO flutter amplitude for this class of
wings does not occur at sea level or low altitudes, but closer to typical
cruising altitudes. For example, in the case of the G-wing at Mach
0.865, the LCO amplitude peaks at around a density altitude of
33,000 ft. If sufficient structural damping is added, the wing will be
flutter-free at the lower altitudes, but not at higher altitudes. At higher
transonic Mach numbers, at or close to Mach 0.95, the flutter
amplitudes continue to grow with altitude well into the stratosphere,
to 75,000 ft and beyond, yet the wing is stable below about 15,000 ft.
To the author’s knowledge, there have not been any definite
experimental or theoretical studies of this phenomenon, referred to in
this paper as high-altitude flutter, although he is aware of anecdotal
evidence of encounters with the phenomenon during flight tests.

II. Computational Approach

The calculations are based on a nonlinear time-accurate finite
element formulation, applicable to a general class of aeroelastic
problems with large deformations. The formulation makes use of
individual element-fixed local Lagrangian coordinate systems in
addition to a global Eulerian system, as shown in Fig. 3. Calculations
are done at the finite element level, both in the fluid and structural
domains, and the fluid–structure system is time-marched as a single
dynamical system using a multistage Runge–Kutta scheme. The
exact nonlinear boundary condition at the wing surface is satisfied
using the actual deformation of the wing, as defined by the finite
element shape functions and the local element coordinates, and the
generalized aerodynamic forces associatedwith the in-plane and out-
of-plane degrees of freedom are calculated in the local Lagrangian
(element) coordinate systems that fully account for large rigid-body
translations and rotations. Further details can be found in [9,10].
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Fig. 1 Elastic deformations of a swept wing: a) chordwise segmentA-B vs streamwise segment C-B and b) structural washout effect (reduction of angle

of attack of streamwise segment C-B because wC < wB).
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Fig. 2 LCO amplitude and mean wing tip deflection at trailing edge vs

air density for the G-wing studied in [9]. In this and all subsequent
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A. Nonlinear Structural Model

Figure 3 shows a typical triangular structural finite element in its
deformed configuration. The xyz coordinate system is a fixed
Eulerian reference frame with respect to which the response of the
wing structure is expressed, and the x0y0z0 system is an element-fixed
local coordinate system that moves with the corresponding element
at all times. It is Lagrangian in the sense that the axes arefixed to three
points in the structural element. The elastic deformations of each
element are expressed relative to these local systems.

At any given step in the time-marching solution, the three corner
nodes of the triangular finite element form a plane. The z0 axis is
defined orthogonal to this plane by taking the cross product of the two
planar vectors from the origin (node 1) to the remaining two nodes.
The x0 axis is aligned along nodes 1 and 2 of the triangular elements,
and the y0 axis orientation is determined so that a right-handed
coordinate system is formed. Displacements and forces can then be
expressed in either the local element coordinates or the global system
coordinates, and the two representations are related through an
orthogonal transformation involving the direction cosines between
the axes.

The nonlinear structural model employs three basicfinite elements
to model the in-plane, out-of-plane, and nonlinear behaviors, as
shown in Fig. 4. AMindlin–Reissner discrete shear triangle (DST) is
used to model the out-of-plane bending and the transverse shear
behavior. This element is based on the formulation in [11] and
extended to dynamics problems. It is free of shear locking and
converges to the discrete Kirchhoff triangular elements when the
shear deformations become negligible.

A constant strain triangle (CST)models the in-plane behavior, and
its shape functions are used together with the corresponding shape
functions of the DST element to create the stress-stiffening matrix in
local element coordinates. The stress-stiffening matrix provides the
nonlinear coupling between in-plane and out-of plane displacements.
It is based on the von Kármán plate theory, which assumes that the
nonlinear strain components arising from the in-plane displacement
gradients are small compared with the corresponding terms arising

from the transverse displacement gradients and may therefore be
neglected. This is a reasonable assumption in the present
calculations, because the deformations relative to the local
Lagrangian element coordinate systems are always small if linearly
elastic behavior of the wing is assumed.

The total strain energy of an element can be expressed as

Ue
total �Um �Ub �Us �UN1 �UN2 (1)

where Um, Ub, and Us are the quadratic-order strain energies
representing the membrane stretching (CST), out-of-plane bending,
and shear (DST), respectively. The cubic-order strain energy UN1
represents the nonlinear coupling of the in-plane and out-of-plane
motion, and the quartic-order strain energy UN2 represents the
nonlinear coupling effect of slope due to large deflections. To obtain
an element free of shear locking, the equilibrium equations are used
to solve for the transverse shear strains, with the help of the
constitutive equations. The stiffness matrix is then formulated using
quadratic interpolation functions for the rotation fields. The stiffness
matrix for the in-plane CST element is based on linear interpolation
functions.

The element stiffness matrix of the nonlinear model can be
obtained from the principle of stationary potential energy, using the
strain energy relations, and is of the form

�Ke�15�15 �
�DST� �NLC�
�NLC�T �CST�

� �

�DST�9�9 � out-of-plane partition

�CST�6�6 � in-plane partition

�NLC�9�6 � nonlinear coupling partition

(2)

To calculate the nonlinear coupling partition, the values of the
nodal degrees of freedom are required at the current time step. The
deformed unit vectors are updated at each time step by the
incremental rotations in the global x and y directions, using finite
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rotation relations. Cubic interpolation functions are used as a basis
for deriving the consistent mass matrix and the generalized
aerodynamic loads. All integrals are evaluated using Gaussian
integration in natural (triangular) coordinates.

B. Nonlinear Aerodynamic Model

The aerodynamic model is based on a Galerkin finite element
discretization of the weak or integral form of the conservation laws:

@

@t

Z
�

WdV �
Z
@�

F 	 ndS� 0 (3)

where � is an element volume with boundary @� moving with
velocityU, n� niei is the outward unit normal to @�, ei are the unit
vectors in the xi directions, and

W �

�
�u1
�u2
�u3
�e

2
66664

3
77775 Fj �

��uj � Uj�
�u1�uj � Uj� � �1j
�u2�uj � Uj� � �2j
�u3�uj � Uj� � �3j
�e�uj � Uj� � �ijui

2
66664

3
77775 (4)

where � is the density; u is the material velocity; e is the total energy
per unit mass; uj and Uj are the Cartesian components of u and U,
respectively; �ij is the Cartesian stress tensor; and F� Fjej. In the
inviscid (Euler) flow model used in this paper, �ij ��p	ij, and the
equation of state can be used to eliminate the pressure p. A typical
Galerkin finite element discretization results in a space-discretized
set of nodal equations for the fluid domain of the form [12]

d

dt

X
j

mijWj �Qi �Di � 0 (5)

whereWj are the nodal values ofW, and the summation on j extends
over all nodes in the superelement or control volume associated with
node i (i.e., the union of all elements that meet at node i). Here,mij is
the consistent mass matrix,Qi is the flux vector, andDi is a vector of
dissipative fluxes of the Jameson–Mavriplis type [13,14], as
modified in [15,16].

A finite element discretization of the structural domain (wing
structure) leads to a similar set of equations, in terms of suitable
generalized Lagrangian displacement coordinates qj:

d

dt

X
j

mij _qj �QE
i �QD

i �QF
i � 0 (6)

where the sum (assembly) must be carried out over all elements that
meet at node i. Here, QE

i are the nonlinear elastic forces, Q
D
i are the

structural damping forces, and QF
i are the consistent generalized

fluid forces associated with the ith node.
A multistage Runge–Kutta scheme is used to integrate the space-

discretized system of nonlinear equations forward in time. To
maintain time accuracy and strict fluid–structure synchronization,
the fluid and structural finite element equations are time-marched
simultaneously, within the same multistage Runge–Kutta execution
loop.

C. Fluid–Structure Coupling

The space-discretized equations for the fluid and structure are
coupled through the boundary condition at the fluid–structure
boundary, which for the Euler equations is the kinematic boundary
condition of tangent flow. To prevent spurious momentum and
energy production at the wing-fluid boundary, the numerical
implementation of the boundary condition is based on the actual state
of the physical wing surface, as defined by thefinite element solution.
In the aeroelastic code, this is accomplished byworking directly with
the generalized coordinates and associated shape functions for the
structural finite elements. Force vectors are first calculated in the
local element coordinate systems using 13-point Gaussian
quadrature, and then transformed to the global coordinate system
as the space-discretized aeroelastic equations are time-marched. The
aerodynamic loads are modeled as follower forces, resulting in a
more accurate prediction of the aeroelastic response. In the
corresponding linear structural model, the aerodynamic loads do not
enter the aeroelastic code as follower forces, because only the
pressure load in the direction normal to the undeformedwing plane is
taken into account.

III. Results and Discussion

A. G-Wing

This wing is closely similar in planform (see Fig. 5) to the wind-
tunnel model studied in [8], except that the two small trailing-edge
kinks have been ignored and the airfoil section is different.We chose
the 10%-thick ONERA D airfoil rather than the supercritical airfoil
of the Göttingen wing for two reasons. First, we wanted to see if the
transonic LCO behavior observed in the wind tunnel was a result of
the special nature of the particular supercritical airfoil, and thus an
isolated case, or representative of a class of high-aspect-ratio wings
with similar mass and stiffness properties. Second, we have
extensive experience with the ONERA airfoil in previous transonic
flutter calculations for several ONERA M6 wing models [12]. The
M6 wing has a similar leading-edge sweep (30 deg) but is of a lower
aspect ratio (3.8). No LCO-type flutter of the type seen in the
Göttingen wing has been observed in our previous aeroelastic
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Fig. 5 G-wing of a planform similar to the wing studied experimentally in [8].

126 BENDIKSEN



calculations involving the M6 wing; however, most of these
calculations were carried out using a linear structural model.

Using a trial-and-error approach, an attempt was made to match
the first few natural frequencies to the experimental frequencies of
the Göttingen wing by introducing suitable mass and structural taper
along the span. More weights were given to matching the first
bending (1B) and first torsion (1T) frequencies, as these would be
more important in a flutter analysis. No spanwise mass properties
were given in [8], and the stated c.g. of the wing and the mass ratios
suggest that the (massive) inboard mounting structure must have
been included in the wing weight. For this reason, the mass ratios of
the wings could not be matched. The frequencies of the first four
modes are shown in Table 1 for both the linear and the nonlinear
structural models aswell as theGöttingenwing. Contour plots for the
first 3 modes are shown in Fig. 6. It should be noted that the third
mode of the Göttingen wing is an in-plane mode at a frequency
slightly above the second bending mode. Because this mode occurs
at a much higher frequency in our G-wingmodel, it is not included in
Table 1.

B. Linear Versus Nonlinear Structure

According to [8], the Göttingen wing entered a stable LCO at
Mach 0.865 and a mean lift coefficient in the 0.5–0.6 range. Because
of differences in airfoil cambers, this corresponds to an angle of
attack of about 4.5 deg for the G-wing with the ONERA airfoil,
compared with 2.69 deg for the supercritical Göttingen wing. In
addition to trying to match the wing lift coefficient, an attempt was
also made to match the mean aeroelastic wing tip deflections, as best
they could be estimated from Fig. 16 of [8], to ensure that the
structural washout effects were roughly the same in the flutter
simulations as in the wind-tunnel tests. In all calculations in this
paper, the wing root angle of attack was kept fixed at 4.5 deg.

Calculations based on the linear structural model revealed no
LCO-type flutter at and around the air density of �a�
0:4177 kg=m3, corresponding roughly to the wind-tunnel density
at which the Göttingen wing exhibited LCO-type flutter if a mass
ratio
� 1000 is assumed.‡ In fact, the linear G-wing appears stable
up through a density of �a � 1:1 kg=m3, but limit cycle flutter does
eventually appear at �a � 1:141 kg=m3 (see Fig. 7). However, the
frequency of this LCO is significantly higher (94 Hz) than that
observed in the wind-tunnel test (50.4 Hz), and the corresponding
dynamic pressure is 273%higher than the experimental value. This is
in contrast to the calculations using the nonlinear structural model,
which reveal limit cycle flutter at the correct air density (see Fig. 8).
The LCO flutter mode is essentially the first bending mode of the
wing, coupled weakly to the first torsion mode through aeroelastic
effects, with each streamwise wing section executing a motion very
closely resembling SDOF pitching about an axis upstream of the
leading edge. The predicted flutter frequency is 52.4 Hz, which is
very close (�4%) to the LCO frequency of 50.4 Hz observed in the
wind-tunnel tests.

The reason for the large differences between the LCO amplitudes
predicted using the linear vs the nonlinear Mindlin–Reissner finite

element model can be understood in terms of the effect that the
washout phenomenon has on the transonic flowfield around the
wing, especially on the location and motion of the part-chord shocks
on the upper wing surface. Although the nonlinear structure is stiffer
than the corresponding linear structure, it is actually less stable for
this class of wings, because the structural washout is also less. The
aeroelastic problem is inherently nonlinear and neither the
aerodynamic nor the structural nonlinearities can be ignored, or an
incorrect assessment of aeroelastic stability is the likely result.

Two additional features incorporated into the nonlinear structural
model could also have a destabilizing effect: 1) the more accurate
implementation of the fluid–structure boundary condition, resulting
in the generalized aerodynamic loads now entering the problem as
follower forces, and 2) the addition of the in-plane degrees of
freedom (lead-lag u and foreshortening v) of the wing.

Although it is believed that both would be destabilizing for
transonic wings of the G-wing category, additional calculations
would be necessary to quantify these effects. In the linear structural
model, these forces do not enter the aeroelastic problem as follower
forces, because the in-plane degrees of freedom of the wing are not
modeled.

C. LCO Amplitude Versus Mach Number

To verify that the predicted limit cycle flutter of the G-wing is
essentially a transonic phenomenon, an extensive series of
calculations were carried out in the Mach number range from 0.75
through 0.99. No instances of LCO-type flutter were detected at
subcritical Mach numbers. Figures 9 and 10 show two typical sets of
results for Mach 0.75 and 0.83, respectively. Although the flow
around the wing is entirely subsonic (i.e., subcritical) at Mach 0.75
and zero angle of attack, it is slightly past critical when the angle of
attack is increased to 4.5 deg. In the latter case, a shock is present near
the leading edge, from about 5% of span to the wing tip, with
supersonic flow over the forward 10–15% of chord. Because of the
far-forward position of the shock, the shock is stabilizing and the
dynamic response shows exponential decay (Fig. 9). At Mach 0.83,
the shock is slightly forward of midchord, and the decay is very slow
because of the closeness to the flutter boundary. Results of
calculations at select Mach numbers in the range of 0.84–0.965 are
presented in Figs. 11–18 and show that LCO-type flutter persists
throughout this Mach number range. Note that at about Mach 0.89,
the flutter amplitude starts growing with time, reaching a peak
growth rate at aroundMach 0.95. BetweenMach 0.965 and 0.97, the
LCO amplitudes undergo a rapid decay to zero (Fig. 19). At Mach
0.99, at limit cycle of very small amplitude reappears (Fig. 20).

Figure 21 shows the predicted LCO flutter amplitude vs Mach
number for an air density of �a � 0:4177 kg=m3, which corresponds
to a density altitude of roughly 10 km (32,800 ft). Except in theMach
number range of 0.89–0.96, the LCO amplitudes are stable, although
subtle nonclassical behaviors are observed; that is, the motion does
not appear exactly periodic, nor does it appear to converge to such a
state even after many oscillation cycles. Rather, the flutter mode is
better described as almost periodic in the sense of Bohr’s theory of
almost periodic functions [17]. This is reflected in the phase plots as a
smearing or broadening of the limit cycle, which is believed to be
caused by irreversible (nonconservative) interactions between the
structural nonlinearities arising from large deflections and
aerodynamic nonlinearities caused by moving shocks on the wing
surface. In the Mach number range of 0.89 through 0.95, the limit
cycle flutter mode exhibits an amplitude instability, reflected by a
slowly growing LCO amplitude at Mach 0.89 (Fig. 14) with a
progressively increasing growth rate as the Mach number is
increased (Figs. 15 and 16). This instability is believed to be triggered
by a weak nonuniformity on the time scale, which causes the basin of
attraction of the limit cycle to change with time. Interestingly, the
limit cycle is still attracting on a global scale. That is, if the wing is
started with a large initial condition, the initial response is a decay to
theLCOfluttermode; conversely, a small initial condition results in a
rapid amplitude increase to essentially the same initial LCO mode.
This behavior is another reminder that we are dealing with an

Table 1 G-wing models: frequencies (in hertz)

of the first four natural modes

Model 1B 2B 1T 3B

Linear structure 37.82 132.40 272.51 310.10
Nonlinear structure 37.81 133.30 272.63 310.71
Göttingen wing [8] 37.81 112.85 272.60 241.85

‡The mass ratio or the air density at the LCO flutter point was not stated in
[8] and may not be relevant in view of the uncertainty about the inclusion of
the mounting structure in the wing weight, as discussed in Sec. III.A. Note
that the LCO amplitude is relatively insensitive to air density in the range of
0:35–0:58 kg=m3 (Fig. 2), corresponding to mass ratios in the range of 720–
1200. In the calculations, the proper density scaling was obtained by
matching the mean wing tip deflections from Fig. 16 of [8].
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essentially nonconservative nonlinear system, and classical concepts
fromnonlinear dynamics based on potential theorymay not apply.At
Mach 0.865, two stable limit cycles were observed, depending on the
initial conditions (see Fig. 21b). It is likely that such nested LCOs
extend to other neighboring Mach numbers as well.§

It should be noted that the temperature has been kept constant at
the sea level, standard day value of 59
F (518:7
R) in these

calculations. This would correspond to wind-tunnel tests during
which the density andMach number are varied while keeping the air
temperature roughly constant at ambient conditions.

D. LCO Amplitude Versus Altitude

Because of strong interactions between the aeroelastic washout
and the emerging flutter mode, limit cycle flutter can be observed
over a wide range of altitudes (or air densities/dynamic pressures) in
the present nonlinear time-marching flutter calculations. At Mach
0.865, for example, the LCO-typeflutter of theG-wing persists down
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Fig. 6 Contour plots of the first three mode shapes.
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Fig. 7 Limit cycle flutter of the G-wing, as calculated using a linear structural model; �a � 1:141 kg=m3; LCO frequency is 90 Hz.
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Fig. 8 Limit cycle flutter of the G-wing, as predicted by the fully nonlinear aeroelastic model (nonlinear structure and Euler-based aerodynamics) at

Mach 0.865; �a � 0:4177 kg=m3; LCO frequency is 52.4 Hz.

§Additional calculations made after the paper was submitted indicate that
the G-wing has nested LCOs throughout the transonic range [18].
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to very low densities, representing density altitudes well into the
stratosphere (see Fig. 22). The behavior of the LCO amplitude with
increasing altitude depends on Mach number as well, as shown in
Fig. 23. Figure 23a shows the LCOamplitude versus altitude atMach
0.865, which is roughly in the middle of the Mach number range in
which stable LCOs are observed. In this case, the peak amplitude
occurs around 33,000 ft (10 km) and shows a surprising reversal as
the altitude is decreased toward sea level. As noted on the figure, this
is a replot of Fig. 2 in terms of equivalent density altitude and does not
include the effect of temperature. Figure 23b shows the
corresponding plot at Mach 0.95, which is at the high end of the
unstable LCO region, in which relatively strong amplitude growth
occurs. Here, the flutter amplitude is seen to increase with altitude in

the stratosphere and shows two local peaks in the troposphere, at
around 24,000 and 30,000 ft. Furthermore, the wing is stable below
about 15,000 ft. It should be noted that this plot includes the effect of
temperature.

The reason for the local peaks in Fig. 23b is not known, but is
suspected to be related to the properties of the atmosphere (i.e., the
rate of temperature and density lapse versus altitude) and the
relatively high sensitivity of the present nonlinear aeroelastic model
of the G-wing to the aerodynamic loads. Temperature affects the
flutter stability of the wing in two ways. At a given fixed Mach
number, a decrease in air temperature (due to an increase in altitude in
the troposphere, for example) lowers the air velocity relative to the
wing, lowering the dynamic pressure for a given air density. Because
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Fig. 9 Stable decay of the G-wing tip amplitudes atMach 0.75;�a � 0:4177 kg=m3; aeroelastic mode frequency varies from 47.7Hz (initial) to 47.2Hz

(final).
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Fig. 12 Limit cycle flutter of the G-wing at Mach 0.865; �a � 0:4177 kg=m3; LCO frequency is about 52.2 Hz.
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Fig. 13 Limit cycle flutter of the G-wing at Mach 0.88; �a � 0:4177 kg=m3; LCO frequency is 52.9 Hz.
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Fig. 14 Slowly growing limit cycle flutter of the G-wing at Mach 0.89; �a � 0:4177 kg=m3; LCO frequency is 53.3 Hz.
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Fig. 15 Moderately growing flutter of the G-wing at Mach 0.92; �a � 0:4177 kg=m3; flutter frequency is 54.6 Hz.
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Fig. 16 Growing amplitude flutter of the G-wing at Mach 0.95; �a � 0:4177 kg=m3; flutter frequency varies from 57 Hz (initial) to 54.9 Hz (final).
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Fig. 18 Small-amplitude limit cycle flutter of the G-wing at Mach 0.965 (�a � 0:4177 kg=m3); two LCO frequencies are present: 60.7 and 51.2 Hz
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Fig. 19 Stable decay of the G-wing atMach 0.97 (�a � 0:4177 kg=m3); two LCO frequencies at about 53 and 58.9 Hz are present at the end of the plot.
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of the lower airspeed, the reduced velocity U=b!1T is also lowered.
Both changes would be expected to have a stabilizing effect, based
on linear flutter theories. But in the strongly nonlinear transonic
range, we have demonstrated that a reduction in dynamic pressure at
a fixed Mach number can in fact be destabilizing in some cases,
because of the interactions between the aeroelastic washout and the
shocks on thewing surface. The reduction in the reduced velocity, on
the other hand, would still be expected to be stabilizing, although
exceptions caused by nonlinear effects are possible in this case as
well. Thus, all that can be said is that the effect of temperaturemust be
determined on a case-by-case basis andwould be expected to depend
not only on the Mach number and altitude, but on the aeroelastic
properties of the wing as well.

Our calculations indicate that it is primarily the aeroelastic
washout effect that is responsible for the amplitude reversal reported

in [9] and shown in Figs. 2 and 23a and for the failure of the linear
structural code to predict the correct limit cycle flutter behavior. We
also suspect that the structural washout is responsible for the
persistence of LCO-typeflutter of theG-wing over awide range of air
densities or altitudes. The in-plane degrees of freedom u and v of the
wing (which are present in the nonlinear model only) appear to play a
relatively minor destabilizing role in the LCO-type flutter of the G-
wing.

The stabilizing role of the structural washout on transonic limit
cycle flutter can be understood by examining the shock positions and
shock dynamics during flutter. Figure 24 shows a comparison of the
steady pressure coefficient at three outboard span locations on a rigid
and aflexiblewing, operating atMach 0.865 and an angle of attack of
4.5 deg (wing root). The main effect of wing flexibility is to weaken
the upper-surface shock and shift it forward, toward the leading edge,
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Fig. 20 Decay to a limit cycle of very small amplitude (G-wing atMach 0.99;�a � 0:4177 kg=m3); final LCO frequency is about 138.4 Hz (and slightly

decreasing).
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which is stabilizing from a flutter standpoint. At the same time, the
peak Mach numbers (not shown) in the supersonic regions are
reduced at all span locations, which is also expected to be stabilizing
for most transonic Mach numbers, as it is qualitatively similar to the
effect of reducing the flight or freestream Mach number.¶ The
structural washout results in a reduction of the aerodynamic loading
as the wing untwists, brought about by a reduction of the streamwise
angle of attack as the wing bends in the positive (upward) direction
(Fig. 1). This aeroelastic unloading is accompanied by a reduction in
the Mach numbers in the supersonic region, which is qualitatively
similar to a reduction of the effective freestream Mach number.

From these observations, one would expect that the structural
washout effect should lead to an earlier transition from Tijdeman
type A (continuous) to type B (intermittent) shock motion and this
transition should occur at a lower LCO amplitude. Earlier studies
[5,19] have shown that the A-to-B transition in the shock motion
dynamics is strongly stabilizing, as it limits the ability of the wing to
extract energy from the airstream, typically turning an exponentially
growing flutter mode into LCO-type flutter. In the case of theG-wing
atMach 0.865, for example, the outer limit cycle shown inFigs. 8 and
21b is associatedwith intermittent shockmotion on the upper surface
of the wing, as is evident from Fig. 25. Figure 25 shows the
instantaneous (unsteady) pressure distribution on the upper and
lower wing surfaces at the 80% span location during LCO flutter at
Mach 0.865 at two different air densities: �a � 0:4177 and
0:75 kg=m3, corresponding to density altitudes of roughly 10 km
(32,800 ft) and 4.85 km (15,900 ft), respectively. As these densities
correspond to extreme points on theLCOamplitude vs density plot in
Fig. 2, additional flutter simulations were run to obtain instantaneous
pressure and Mach number distributions for the purpose of
identifying the differences in shock positions and strengths and
shock dynamics during flutter in an attempt to identify the
mechanism behind the amplitude reversal with increasing air
density.

In one such calculation, the stable outer LCO at Mach 0.865 and
�a � 0:4177 kg=m3 was first established, then the air density was
abruptly increased to 0:75 kg=m3 and the time-marching
calculations continued. Snapshots of instantaneous unsteady
pressure and Mach number distributions about the wing at 20
different span stations were calculated. Representative results for the
outboard region of the wing are shown in Figs. 25–27. Figure 25
shows the unsteady pressure coefficients at 80% span for the
0:75 kg=m3 case at 6 different times during the second LCO cycle
after the abrupt density increase, as well as the corresponding
pressure coefficients during the last LCO cycle for the �a �
0:4177 kg=m3 case. The nondimensional times shown correspond to
the 0:75 kg=m3 case, starting at the point of maximum wing tip
deflection and spaced 60 deg apart in temporal phase. It should be
noted that the differences in aeroelastic frequencies for the two cases
have been accounted for in the comparisons, to make each snapshot
represent the same temporal phase within the corresponding
aeroelastic cycle. In each case, intermittent (type B) shock motion is
observed. Figure 26 shows the corresponding comparisons at the
95% span location. Figure 27 shows the aeroelastic response of the
wing tip and the decay of the wing energyEtot � T �U vs time. It is
apparent from these figures that the unsteady flow and the aeroelastic
response of the wing adjust rather rapidly to the abrupt change in air
density, and there is already a noticeable shift forward and a
weakening of the upper-surface shocks during the second aeroelastic
cycle after the density change. FromFig. 27 it is evident that this shift
and accompanying weakening of the shocks are strongly stabilizing,
and the wing oscillations in this case do not converge to the inner
small-amplitude LCO indicated in Fig. 2, but instead decay to zero.
This undershoot is believed to be caused by aeroelastic inertia and the
possibility that the lower LCOmay be unstable or, at best, semistable
[18].

Figure 28 shows the instantaneous pressure distributions at 95%
span during the 59th cycle after the step change in air density. By
now, significant weakening of the upper-surface shock has taken
place and the shock motion has become continuous. The aeroelastic
amplitudes have decayed to only a few percent of the initial LCO
amplitudes (see Fig. 27).
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Fig. 26 Unsteady pressure distribution about theG-wing at 95%span location duringLCOflutter atMach 0.865 and�� 4:5deg;�a � 0:4177 kg=m3

(open symbols), �a � 0:75 kg=m3 (solid symbols) during second LCO flutter cycle after abrupt air density change from �a � 0:4177 to 0:75 kg=m3,

upper surface (diamonds), and lower surface (circles).

¶An exception may occur slightly past the transonic dip, where a decrease
in Mach number may be destabilizing.
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IV. Conclusions

1) The aeroelastic mechanism responsible for the observed
limit cycle flutter of the Göttingen wing and the G-wing studied in
this paper appears to be closely linked to the structural washout
effect.

2) As the wing bending amplitude increases, the aeroelastic
washout reduces the angle of attack of streamwise chord sections,
unloading the outboard region and reducing the shock strength. The
weaker and more forward shocks lead to an earlier transition from
type A to type B shock motion, at relatively small flutter
amplitudes, limiting the ability of the wing to extract energy from the
airstream.

3) The large discrepancy between the LCO flutter behaviors
predicted using the linear-vs-nonlinear structural models can be
understood by considering the stabilizing effect of washout.
Although the nonlinear structure is stiffer than the linear structure, it
is actually less stable because the structural washout is also less.

4) The LCO amplitude reversal vs air density arises because of
strong interactions between the structural and aerodynamic
nonlinearities, through the aeroelastic washout mechanism.

5) At Mach 0.865, the LCO amplitudes of the G-wing peak at
around a density altitude of 33,000 ft. If sufficient structural damping
is added, the wing will be flutter-free at the lower altitudes, but not at
higher altitudes. At higher transonic Mach numbers, at or close to
Mach 0.95, the flutter amplitudes continue to growwith altitude well
into the stratosphere, but the wing is stable below about 15,000 ft.

6) The LCO-typeflutter of theG-wing is a transonic phenomenon.
No limit cycle flutter was observed at subcritical Mach numbers.
Flutter onset is slightly below Mach 0.84, and the LCO amplitudes
grow untilMach 0.95 is reached, at which point they start decreasing,
vanishing abruptly around Mach 0.97.

7) At Mach 0.865, there are indications that multiple (nested)
LCOs may be present, and the limit cycle amplitude depends on the
initial conditions.

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
x/c

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
x/c

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
x/c

τ2 325.829 60°( )=τ1 325.148 0°( )=

Cp– Cp–

τ3 326.510 120°( )=

Cp–

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
x/c

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
x/c

-1

-0.5

0

0.5

1

1.5

0 0.2 0.4 0.6 0.8 1
x/c

Cp– Cp– Cp–

τ5 327.873 240°( )=τ4 327.192 180°( )= τ6 328.554 300°( )=

Fig. 28 Unsteady pressure distribution about theG-wing at 95%span location duringLCOflutter atMach 0.865 and�� 4:5deg;�a � 0:4177 kg=m3

(open symbols),�a � 0:75 kg=m3 (solid symbols) during 59th LCO flutter cycle after abrupt air density change from�a � 0:4177 to 0:75 kg=m3, upper
surface (diamonds), and lower surface (circles).
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